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THEORY OF STABILITY OF THIN ELASTIC HETEROGENEOUS 
ANISOTROPIC PLATES OF VARIABLE R I G I D I T Y  

P. G. Shulezhko 

ABSTRACT. This  a r t ic le  p r e s e n t s  an  express ion  f o r  t h e  t o t a l  
~ p o t e n t i a l  energy, t h e  d i f f e r e n t i a l  equat ion  of t h e  e l a s t i c  

su r face -  of a p l a t e ,  and t h e  boundary condi t ions  f o r .  aniso- 
t r o p i c  heterogeneous p l a t e s  w i t h  v a r i a b l e  r i d i g i t y ,  assuming 
t h a t  t h e  middle s u r f a c e  of t he  p l a t e  i s  s imultaneously t h e  
s u r f a c e  of both e las t ic  and geometr ic  symmetry. It  i s  shown 
t h a t  Ki rchhoff ’s  boundary cond i t ions  f o r  t h e  bending of p l a t e s  
cannot always be extended t o  t h e  buckl ing of p l a t e s .  

.. - 

An ever inc reas ing  number cf s c i e n t i f i c  works are p r e s e n t l y  be ing  devoted /139* 
t o  the ques t ion  of s tudying  t h e  s t r a i n  and stress of both homogeneous and h e t e r -  
ogeneous a n i s o t r o p i c  bodies .  

S. G. Mikhlin [l], S. G. Lekhni tskiy [ Z ]  and H. M. Savin [3]  have accom- 
p l i s h e d  s i g n i f i c a n t  work i n  t h i s  d i r e c t i o n .  These au tho r s  were t h e  f i r s t  t o  
formula te  and s o l v e  s e v e r a l  extremely important  fundamental ques t ions  regard ing  
the  p l a n e  theory of e l a s t i c i t y  of a n i s o t r o p i c  bodies .  

Some p a r t i c u l a r  cases  of an iso t ropy  were considered by Saint-Venant [ 4 ] ,  
Voigt [5],  Somigliana [ 6 ] ,  M. Huber [ 7 ] ,  Y a .  I. Sekerzh-Zen’kovich [ B ] ,  L. I. 
Balabukh’[9],  G. G. Rostovtsev [lo], S. V. Serensen [ll], and o the r s .  

Saint-Venant,Voigt,  and Somigliana were concerned w i t h  t h e  s tudy  of t h e  
s ta te  of stress of an a n i s o t r o p i c  body having t h e  shape of a long cy l inde r .  

M. T. Huber examined t h e  l a t e ra l  bending of o r t h o t r o p i c  p l a t e s .  

Y a .  I. Sekerzh-Zen’kovichand L. I. Balabukh s tud ied  t h e  buckl ing  of plywood 
p l a t e s .  

G. G. Rostovtsev devoted h i s  a r t i c l e  t o  t h e  ques t ion  of t h e  reduced width 
of an o r t h o t r o p i c  p l a t e .  

S. V. Serensen, i n  h i s  course on t h e  theory  of e l a s t i c i t y ,  d e r i v e s  a funda- 
mental  equat ion  of t h e  p l a n e  problem f o r  an  o r t h o t r o p i c  medium and g i v e s  t h e  so- 
l u t i o n  f o r  a case of t h e  bending of p lane  beams, and a l s o  d i scusses  t h e  works of 
s e v e r a l  o t h e r  au tho r s  devoted t o  ques t ions  concerning t h e  theory  of e l a s t i c i t y  
of a n i s o t r o p i c  bodies .  

- - . . _  T h i s  a r t i c l e  - cons iders  _ _  the question_-of ghe s t a b i l i t y  of- a n i s o t r o p i c -  
.- - __ 

*Numbers i n  t h e  margin i n d i c a t e  pag ina t ion  i n  t h e  f o r e i g n  t e x t .  
Commas should be i n t e r p r e t e d  as decimal p o i n t s  i n  a l l  mater ia l  t h a t  N . B . :  

has been reproduced d i r e c t l y  from the  o r i g i n a l  f o r e i g n  document. 
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heterogeneous t h i n  p l a t e s  of v a r i a b l e  r i g i d i t y  wi th  a middle s u r f a c e  t h a t  is  si- 
multaneously t h e  p l ane  of e las t ic  and geometr ic  symmetry. 

The a r t i c l e  g ives  t h e  de r iva t ion  of a Brian-Timoshenko equat ion ,  an expres- 
s i o n  f o r  t h e  t o t a l  p o t e n t i a l  energy, and a l s o  a d i f f e r e n t i a l  equat ion  f o r  t h e  
e las t ic  s u r f a c e  of a p l a t e  and boundary cond i t ions .  

As f a r  as w e  know, n e i t h e r  the Brian-Timoshenko equat ion ,  t h e  expres s ion  of 
t o t a l  p o t e n t i a l  energy, nor  t he  d i f f e r e n t i a l  equa t ion  of t h e  e l a s t i c  s u r f a c e  of 
an a n i s o t r o p i c  p l a t e  of v a r i a b l e  r i g i d i t y  are encountered i n  t h e  l i t e r a t u r e ,  no t  
t o  speak of t he  boundary condi t ions ,  which have n o t  been der ived  f o r  t h e  case of 
buckl ing even f o r  an i s o t r o p i c  homogeneous p l a t e  of cons t an t  r i g i d i t y .  
dary cond i t ions  der ived  by Kirchhoff E121 f o r  t h e  p a r t i c u l a r  ca se  of loading  of /140 
a p l a t e  t h a t  i s  under cond i t ions  of l a t e r a l  bending have always been automati-  
c a l l y  extended t o  the  case of buckling. 
condi t ions  cannot always be appl ied  t o  t h e  case of buckl ing.  

The boun- 

.As w e  w i l l .  see below, t h e s e  boundary 

1. Basic P r e m i s e s  and Hypotheses 

L e t  us imagine a p l a t e  whose l a t e r a l  s u r f a c e  i s  formed by a c y l i n d e r  f ( z , y ) =  
= C, whi le  i t s  upper and lower su r faces  are r e? re sen ted  by t h e  equat ion  

. 

Zk = ( - 1) k h, (5,y) ( k = I , 2 )  . 

L e t . u s  f u r t h e r  assume t h a t  the  p l a t e  i s  t h i n  and hes s u r f a c e s  of e l a s t i c  
and geometr ic  symmetry. 

We s h a l l  t ake  t h e  middle su r face  of t h e  p l a t e  as t h e  p lane  nj. 

The cond i t ion  of geometr ic  symmetry has  t h e  fo l lowing  form: 

The cond i t ion  of e l a s t i c  symmetry i n  the  case  under cons ide ra t ion  w i l l  be  
1131 : 

b -- 

a,, = a*, = a16 = a,& = a3, = a,, = a,, =’ab6 = 0, 
- i -  

(3) 

where a (z,y) are  t h e  coe f fec i en t s  of e l a s t i c i t y  of t h e  given p l a t e  material .  

L e t  u s  assume t h a t  t h e  known hypotheses [13, 1 4 ,  1 5 1 t h a t  a re  w e d  when de- 
r i v i n g  t h e  equat ions  of equi l ibr ium of t h i n  i s o t r o p i c  homogeneous p l a t e s  of con- 
s t a n t  r i g i d i t y  can be extended also t o  t h i n  a n i s o t r o p i c  heterogeneous p l a t e s  of 
v a r i a b l e  r i g i d i t y ,  t h e  middle su r face  of which i s  s imultaneously t h e  s u r f a c e  of 
elastic and geometr ic  symmetry (under t h e  cond i t ion  t h a t  t h e  upper and lower 
s u r f a c e s  of t h e  p l a t e  a re  smooth s u r f a c e s ) .  

ik 
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2.  Brian-Timoshenko Equat ion 

L e t  us cons ider  a p l a t e  t h a t  i s  i n  a p l ane  state of stress under t h e  a c t i o n  
of fo rces  p a r a l l e l  t o  i t s  p lane .  

If t h e  fo rces  a c t i n g  on t h e  plate  are e s s e n t i a l l y  compressive,  t h e  p l a t e  
may be i n  one of two states of stress: 
f l e c t e d ,  but  i s  being deformed i n  i t s  p l ane ;  and d e f l e c t e d ,  when, i n  a d d i t i o n  t o  
deformation i n  i t s  p lane ,  i t  is a l s o  being bent .  

p l ane ,  when i t  has  n o t  y e t  been de- 

The work of t h e  e x t e r n a l  fo rces  i n  t h e  f i r s t  s ta te ,  which is  equal  t o  t h e  
work of t he  i n t e r n a l  stresses, can b e  r ep resen ted  i n  t h e  fo l lowing  form [15, 16,  
171: - -. 

k'here A1 i s  the  work of t h e  e x t e r n a l  f o r c e s  i n  t h e  f i r s t  s t a t e  of t h e  p l a t e ;  u 

and v are displacements of p o i n t s  of t h e  middle s u r f a c e  of t h e  p l a t e  i n  t h e  d i -  
r ec t ion  of the  x and y axes;  T and IT are t h e  f o r c e s  app l i ed  t o  a u n i t  l eng th  

and extending t h e  p l a t e  i n  t h e  d i r e c t i o n  of t h e  x and y axes;  and S i s  a tangen- 
t i a l  fo rce ,  which i s  a l s o  app l i ed  t o  a u n i t  l eng th  and l i e s  i n  t h e  p l ane  of t h e  
p l a t e .  

1 2 

The'work of t h e  i n t e r n a l  fo rces  i n  t h e  second s t a t e  of t h e  p l a t e  w i l l  con-/141 
s is t  of t w o  p a r t s  115, 161: the work of t h e  l o n g i t u d i n a l  f o r c e s  w i t h  p l a t e  d i s -  
t o r t i o n  taken i n t o  account  

and t he  work of p l a t e  bending 

where M1, M 2  and H are t h e  e l a s t i c  moments appl ied  t o  a u n i t  l e n g t h  of t he  p l a t e ,  

and which have t h e  fo l lowing  form f o r  an  a n i s o t r o p i c  heterogeneous p l a t e  of vari- 
able r i g i d i t y  [18] : 

3 
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where a (x,y) are t h e  c o e f f i c i e n t s  of e l a s t i c i t y  of t h e  given mater ia l ,  and 

r ep resen ted  i n  terms of t h e  c o e f f i c i e n t s  g iven  above by means of t h e  formula [18] 
ik 

The c o e f f i c i e n t s  ci (z,y), i n  t u r n ,  can be  r ep resen ted  i n  terms of t he  ik 
fo l lowing  " technica l"  c o e f f i c i e n t s ,  which are  more f a m i l i a r  t o  us :  

where 

E and E are Young's moduli  f o r  ex tens ion  (compression) i n  t h e  d i r e c t i o n  of t h e  

x and y axes;  v1 and v2 are Poisson's r a t i o s  which c h a r a c t e r i z e  t r a n s v e r s e  com- 
1 2 

p r e s s i o n  of t he  mater ia l  upon ex tens ion  along t h e  x and y axes;  G i s  t h e  shear  
modulus f o r  p lanes  p a r a l l e l  t o  the xy plane ;  B 1  and B ,  are c o e f f i c i e n t s  which / 1 4 2  

c h a r a c t e r i z e  e longa t ion  due t o  the  e f f e c t  of t a n g e n t i a l  stress X 
i n  d i f f e r e n t  t e n s ,  s h e a r  due t o  normal stresses X and Y . 

o r ,  expressed Y' 
X Y 

It fo l lows  from t h e  r e l a t i o n s h i p  ci t h a t  ik = aki 
_ -  
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For an i s o t r o p i c  homogeneous p l a t e  of cons t an t  r i g i d i t y ,  MI, M and H, as 2 is known, have the  fol lowing form: 

where 

i s  t h e  c y l i n d r i c a l  r i g i d i t y  of t he  p l a t e .  

The cond i t ion  of equ i l ib r ium of t h e  p l a t e  i n  t h e  second s t a t e  
w i l l  have t h e  fol lowing form: 

obviously,  

where A i s  t h e  work of t h e  e x t e r n a l  f o r c e s  i n  t h e  second s t a t e .  2 

I n  t h e  theory of buckl ing ,  we are  i n t e r e s t e d  i n  t h e  equat ion  which corres-  
ponds t o  t h e  moment of t r a n s i t i o n  of t h e  p l a t e  from the  f i r s t  s t a t e  t o  t h e  sec- 
ond. This  t r a n s i t i o n  of t h e  f i r s t  s t a t e  t o  t h e  second ev iden t ly  can be accom- 
p l i s h e d  a t  t h e  moment t h a t  t h e  forces  a c t i n g  i n  the  p l a n e  of t h e  p l a t e  have ex- 
ceeded a c e r t a i n  l i m i t ,  a l b e i t  by a smal l  q u a n t i t y .  

W e  s h a l l  c a l l  t h e  system of f o r c e s  t h a t  corresponds t o  t h i s  l i m i t  t h e  c r i t -  
i c a l  system, and w e  s h a l l  c a l l  the  s t a t e  of t h e  p l a t e  t h a t  corresponds t o  t h i s  
system of f o r c e s  t h e  c r i t i c a l  s t a t e .  

A t  t h e  moment of t h e  c r i t i c a l  s t a t e  (a t  t h e  boundary of s t a b i l i t y )  the  
p l a t e  can assume both  a p l ane  and a d e f l e c t e d  shape, i .e . ,  bo th  t h e  f i r s t  and 
t h e  second s t a t e  of t h e  p l a t e  i s  equa l ly  probable .  At t h a t  moment, t h e  work of 
t h e  e x t e r n a l  fo rces  of bo th  t h e  f irst  and t h e  second s t a t e  w i l l  be  equal  t o  
each o t h e r  [ 1 7 ,  191. 
o u t ,  and w e  s h a l l  o b t a i n  t h e  sought Brian-Timoshenko equat ion:  

All terms t h a t  con ta in  u and u i n  t h i s  case w i l l  cancel  

5 



_ _  - - - - _  

or- r e p l a c i n g & e  v a l u e s  of M 1' 2 (71, we f i n a l l y  obta in :  
M and H i n  equat ion  (11) w i t h  t h e i r  expres s ions / l43  

If ,  however, w e  r e p l a c e  t h e  va lues  of M M and H i n ' e q u a t i o n  (11) by t h e i r  1' 2 
cornon expres s ions  ( 9 ) '  we s h a l l  ob ta in  t h e  well-known Brian-Timoshenko equat ion  
[161. 

3. S t a b l e ,  Unstable,  -a- Neu t ra l -  Equi l ibr ium 

Both equa t ion  (11) and (12)  a r e  t h e  only necessary  cond i t ion  of equi l ibr ium.  
The necessary  and s u f f i c i e n t  condi t ion  of an e l a s t i c  system whose f o r c e s  have a 
p o t e n t i a l ,  as w e  know, i s  t h a t  the  p o t e n t i a l  energy i n  t h e  equ i l ib r ium p o s i t i o n  
have a s t a t i o n a r y  va lue ,  i . e . ,  

or, expressed i n  another  manner, 

~. 

6l-I=0, 

- 

( i = 1 , 2 , 3 , .  . .,n), 

where II is t h e  t o t a l  p o t e n t i a l  energy of t h e  system and q 
coordinate .  

i s  a gene ra l i zed  i 

The e q u i l i b r i u m  of a mater ia l  system, as w e  know, can be  s t a b l e ,  uns t ab le ,  
OJC n e u t r a l .  If t h e  p o t e n t i a l  energy has  a minimum, i . e . ,  

i 6'I-I > 0, 
I 

the equilibrium w i l l  be s table ,  

6 



It is has a rnzximum, i.e., 1 

t h e  equ i l ib r ium w i l l  be  uns t ab le ;  and i f  i t  has  n e i t h e r  a minimum nor  a maximum, 
i.e.,  

- 

E1l-I=Oand B r I = O ,  ' (17) 

t h e  equ i l ib r ium w i l l  be  n e u t r a l .  

N e u t r a l  equ i l ib r ium determined by equa t ions  (17) w i l l  obviously correspond 
t o  t h e  c r i t i c a l  s ta te  of equi l ibr ium. 

4. Expression --- of t h e  T o t a 1 , P o t e n t i a l  Energy of a P l a t e  

To f i n d  the  c r i t i c a l  s ta te ,  i t  i s  obviously necessary  t o  d e r i v e  an expres- 
s i o n  f o r  t h e  t o t a l  p o t e n t i a l  energy. I n  our  case ,  t h e  lef t -hand s i d e  of equa- 
t i o n  (12) may be considered as the t o t a l  p o t e n t i a l  energy of a p l a t e  s u b j e c t  t o  
buckl ing.  

I 1 4 4  

Indeed,  t h e  f i r s t  double i n t e g r a l  i n  equat ion  (12) i s ' n o n e  o t h e r  than t h e  
work of t h e  i n t e r n a l  bending forces  Ai, whi le  t h e  second,  i f  i t  is  read  w i t h  a 

minus s i g n ,  is  t h e  work of the.  ex te rna l  f o r c e s  A 

Consequently,  t h e  t o t a l  p o t e n t i a l  energy f o r  t h e  case of buckl ing can be  w r i t t e n  
i n  t h e  fo l lowing  form: 

(boundary and volume f o r c e s ) .  e 

' .  n = A,- Ai  

o r  

5. D i f f e r e n t i a l  Equation of t h e  E la s t i c  Sur face  of a P l a t e  
- and Boundary Conditions 

We s h a l l  use  cond i t ion  (13) t o  o b t a i n  t h e  d i f f e r e n t i a l  equat ion  and t h e  
boundary condi t ions .  

By i n s e r t i n g  t h e  va lue  of II from (19) i n t o  (13) and performing v a r i a t i o n  
and some t ransformat ions ,  w e  obtain:  

7 



S i d z d y ( - - - f + 2 - + + + - -  d'M ~ P H  a w  a [ T - - + S - 3 f -  aw aw d [ T z d y + S z ] ) 2 w -  aw &t- 

(20) dz axay ay dz l a z  ay  d y  

ai - \ds {Q&v-- M -- dn } - 2 Si (I?) Ew (s,) , 
i= 1 

where 

d 
dS (21) -- [(M, - M,) COS (n, X) C O S  (n, y) - H (COS' (n, 5 )  - COY'. (n, y))] + 

-F [ T I g + S $ ]  COS (n,z)+ [ T =au ? + S F ]  d r  coa(n,y)} ? 

_ _  

M = M , cos' (n , 5 j + 2 H co 3 (n ,5) c os (n , y ) + nl ' cos' (n , y) , 
N =  ( M ,  - M , )  00s (n, z) cos (n, y )  - H [oos' (n, x )  - cos' (n, 341, 

.. .- 

i n  which 1 S. (N) denotes  t h e  sum of t h e  d i s c o n t i n u i t i e s  which t h e  func t ion  N //vs 2 i= 1 
undergoes a t  the  corner  p o i n t s  s 
between t h e  e x t e r n a l  d i r e c t i o n  of t h e  normal t o  the  contour  and t h e  z and y ax- 
es; t h &  q u a n t i t i e s  M 

of t h e  contour  ( n , z ) ,  and (n,y)  are t h e  angles  i 

M and H have t h e i r  p rev ious  va lues  ( 7 ) .  

From (20) '  w i t h  t h e  usua l  cons ide ra t ions ,  w e  o b t a i n  an Euler-Lagrange equa- 

1' 2 

t i o n  of o u r  v a r i a t i o n  problem: 

o r ,  by s u b s t i t u t i n g  t h e  va lues  of M M and H i n  (23) by t h e i r  express ions  ( 7 ) ,  1' 2 

where X and Y are t h e  components of t he  r e s u l t a n t  v e c t o r  of t h e  volume fo rces  - 
i 

8 
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app l i ed  t o  a u n i t  area of t h e  p l a t e .  

Equat ion (23) a l s o  can be obta ined  geometr ica l ly  

The s t a t i c  equat ion  

The equat ion  obta ined  (24) makes it p o s s i b l e  t o  w r i t e  d i f f e r e n t i a l  equa- 

W e  s h a l l  c i t e  s e v e r a l  p a r t i c u l a r  cases of d i f f e r e n t i a l  equat ion  (24) .  

a f t e r  cons ider ing  t h e  equ i l ib r ium of a deformed element of t h e  p l a t e .  

12 = 0 a l s o  g ives  t h e  sought equat ion  (23)*. 

t i o n s  a l s o  f o r  p l a t e s  wi th  o t h e r  va lues  of a i k ( z J y )  and J ( z , y ) .  

1. To o b t a i n  a d i f f e r e n t i a l  equat ion  f o r  a n  or thogonal  a n i s o t r o p i c  p l a t e  
of v a r i a b l e  th i ckness ,  we must p l a c e  t h e  fo l lowing  i n  equat ion  (24):  

a,, =a,, = Q,, 5 a,, t 

- ~ 

which i s  equ iva len t  t o  
- 

p,=p,=o,  

The remaining c o e f f i c i e n t s  w i l l  then t a k e  on t h e  fol lowing form: 

' .  
2. Equation (24) f o r  t h e  case  of a homogeneous or thogonal  a n i s o t r o p i c  /146 

p l a t e  of cons t an t  t h i ckness ,  t akes  on t h e  form: 

a 

where 

B =  EsJ 
L - V,V, ' 

v E J  ' I E s J  21 + 4 GJ . 2c=- ' i - VIV, 

*Equation (23) and a l s o  express ions  (21)  and (22) obvious ly  are i n v a r i -  
a n t s  bo th  wi th  respect t o  t h e  s t r u c t u r e  of t h e  p l a t e  material  and a l s o  wi th  
r ega rd  t o  t h e  v a r i a t i o n  of i t s  r i g i d i t y .  

9 



3. 
equat ion ( 2 4 )  assumes t h e  following form: 

In an i s o t r o p i c  and homogeneous medium, bu t  w i t h  v a r i a b l e  th i ckness ,  

2 
where D = EJJ1 - V i s  t h e  c y l i n d r i c a l  r i g i d i t y  of t h e  p l a t e .  

4. When D = cons t ,  equa t ion  (25) becomes a d i f f e r e n t i a l  equat ion  f o r  an 
i s o t r o p i c  p l a t e  w i t h  cons t an t  thickness:  

ti& .equat ion was f i r s t  der ived  by Reissner  [15]. 
equat ion  (26), 

I f  w e  s t a t e  t h e  fo l lowing  i n  

. .  - -  

T, = cons1 , T, = const and 8 = const ,  , 
- -- , 

we w i l l  o b t a i n  a Saint-Venant equat ion [20] .  

We s h a l l  ob ta in  
contour i n t e g r a l  and 
p e r f e c t l y  f ree  , then 
ing : 

t h e  boundary cond i t ions  f o r  t h e  p l a t e  by cons ide r ing  t h e  
t h e  sum i n  the  equat ion  (20) .  
, by us ing  the well-known reasoning ,  we o b t a i n  t h e  follow- 

-If t h e  edge of  t h e  p l a t e  i s  

03 

i-I 
. -  

where &, M and N have t h e i r  former v a l u e s  (21), (221, (22a).  

Thus, f o r  example, f o r  t h e  f r e e  s i d e  y = b of a r e c t a n g u l a r  p l a t e ,  t h e  /I47 
boundary condi t ions  ( 2 7 )  assume t h e  fo l lowing  form: 

. 

10 



d , . ' .  

I x = O Y  y = b a n d x = a ,  y =  b at  t h e  corners  of t h e  p l a t e :  

~ 

The boundary cond i t ions  f o r  an i s o t r o p i c  homogeneous p l a t e  of constax: 
I 

~ 

r i g i d i t y  w i l l  be  obta ined  i f  

t h e i r  common express ions  ( 9 ) .  
t anku la r  p l a t e ,  t h e  boundary condi t ions  t ake  on t h e  fo l lowing  form: 

in s t ead  of K 1' M 2 and B i n  ( 2 7 ) ,  w e  s u b s t i t u r a  

I n  p a r t i c u l a r ,  f o r  the f r e e  s i d e  y = b of a rec- 

x = 0,  y = b and x = a, y = b a t  t h e  corners  of t h e  p l a t e :  

si (5) 2w (s,) = 0 . a t  dy 

(28a) 

(?Sa') 

The usua l  Kirchhoff boundary cond i t ions  encountered i n  a l l  courses  on the  
theory  of e l a s t i c i t y  w i l l  be  obtained i f  w e  p l a c e  (T2)y=b = (S)y=b = 0 

which corresponds t o  t h e  case of t h e  absence of e x t e r n a l  f o r c e s  on t h e  contour.  
But s i n c e  cases are encountered in  t h e  l i t e r a t u r e  where Ki rchhof f ' s  boundary 
c o n d i t i o n s  are extended t o  ind iv idua l  p a r t i c u l a r  problems and t o  loaded s ides  
of a p l a t e ,  which n a t u r a l l y  l eads  t o  e r r o r s ,  w e  t hen  must cons ider  t h i s  ques- 
t i o n  i n  g r e a t e r  d e t a i l  and c i t e  an example. 

i n  (28a),  

A s  a n  example, l e t  us  consider  t h e  s t a b i l i t y  of t h e  rod shown i n  Figure 1 
w i t h  t h e  boundary cond i t ions  g iven  i n  t h i s  a r t i c l e ,  and i n  two v a r i a t i o n s :  

w i t h  K i rchhof f ' s  boundary condi t ions .  

The d i f f e r e n t i a l  equat ion  of t h e  e las t ic  l i n e  of the rod w i l l  b e  obtained 
as a p a r t i c u l a r  case from ( 2 4 ) :  

- 

d @w ( 2 9 )  - dyl ( E J  2) + T ,  = 0. 
~ _ -  

The boundary cond i t ions  f o r  t h e  f r e e  loaded end of t he  L~.'I!\ 
rod  w i l l  be  obtained as a p a r t i c u l a r  case from (28a):  

~ - -  - _. 

(30) 
[ - E J ~ + T  crw e] =o, 

'dy y = b  
-_ 

11 



, ' .  

Kirchhof f ' s  boundary cond i t ions  f o r  the same f r e e  end of the rod have  t h e  

- - -  - _  fol lowing form: 

The bomdary  cond i t ions  f o r  t h e  f a s t ened  end, which are given here, and 
Ki rchhof f ' s  boundary cond i t ions ,  co inc ide :  

- - .  

Now, so lv ing  the problem f o r  a rod under boundary cond i t ions  (30) and (32) 
and boundary cond i t ions  (31) and (321, w e  o b t a i n  the fo l lowing  t r anscenden ta l  
equat ion  f o r  determining t h e  c r i t i c a l  f o r c e  i n  the f i r s t  case: 

- 

and t h e  fo l lowing  t r anscenden ta l  equat ion  f o r  the second case: 

-- -_ 
sin'Ab+cosV,b=O. ( 3 3 ' )  

< -  

Equat ion (33' ) ,  as w e  know, does n o t  g e n e r a l l y  have a r o o t ,  and consequent- 
l y ,  we do no t  o b t a i n  t h e  c r i t i c a l  force*.  

\ 
Thik ' example i n d i c a t e s  t h a t  Kirchhoff 's boundary cond i t ions ,  which were 

de r ived  f o r  bending, cannot always b e  extended t o  buckl ing .  

L e t  u s  now cons ider  o t h e r  cases of boundary c o n d i t i o n s .  

I f  the edge of a p l a t e  i s  f r e e l y  f a s t e n e d ,  6w = 0 and Gw(s i )  = 0,  and con- 

sequen t ly ,  by applying well-known reasoning ,  w e  o b t a i n  t h e  fo l lowing:  

. -  - - -~ 

w = 0 , M, cos2 (n, z) + 2 H cos (n , z) cos ( n  , y) + !li, COS* ( n  , y) = 0 . (34) 

I f  the edge of t h e  p l a t e  i s  r i g i d l y  f a s t e n e d ,  i .e. ,  i t  cannot be  turned 
o r  d i s p l a c e d ,  the boundary cond i t ions ,  as can b e  e a s i l y  comprehended, w i l l  have 
the fo l lowing  form: 

*A s i m i l a r  example  could b e  c i t e d  a l s o  f o r  a p l a t e ,  b u t  the i n c o r r e c t n e s s  
of apply ing  Kirchhoff ' s  condi t ions  i n  that case i s  n o t  as clear t o  d e t e c t  as i n -  . 
this case. 

12 



, . ' .  
. 

The boundary conditions could be derived also for the case of elastic 
fastening of the edge of a plate, and also for the case of support of the edge 
of a plate on an elastic contour, but in the presence of the fundamental bound-ll49 
ary conditions given above, a description of these boundary conditions is not 
difficult; therefore, we shall not dwell on them. 

- 
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